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Summary. Asymptotic normality of linear rank statistics for

ing the hypothesis of independence is established both under fixed
rnatives (or the null hypothesis) and under converging alternative:
results of Ruymgaart, Shorack and van Zwet [ 13] are used to obtain
rther weakening of the smoothness conditions on the score function:
1e present case the score functions are allowed to have a finite

2r of discontinuities of the first kind.
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This paper is a continuation of Ruymgaart, Shorack and van Zwet [ 13].
rem 2.1 states the asymptotic normality of (1.1) both under the hy-
esis and under fixed alternatives, and it covers [13], Theorems 2.1
2.2 under Assumption 2.3 (b) as special cases. The generalization

in a futher weakening of the smoothness conditions to be imposed
he score functions J and K on (0,1)). In the present case these
tions are allowed to have a finite number of discontinuities of the
t kind. This weakening of the smoothness conditions entails, as
d be expected (see e.g. Dupal and Hajek [4]) a local differentiabi-

condition on the underlying continuous df H. By a decomposition of
score functions J, K in their continuous parts Jc’ KC and their

a° Kd the method of [13] can be used to take

ntinuous parts J
of the continuous part. This method is based on an application of

nean value theorem (Bhuchongkul [2] uses a Taylor-series expansion

> second order derivatives) and Lemma 2.2 of Pyke and Shorack [12].

the discontinuous part we mainly need Lemma L.L4, which is similar
bivariate form of Bahadur [1], Lemma 1 or Sen [14], Theorem 2.1.

results of Bahadur and Sen are for univariate dfs only but stronger

1e sense that they provide "almost sure" statements while our result

5 a statement "in probability". On the other hand Lemma L4.L does not

ire any condition on the underlying bivariate df H, which need not

be continuous, and the conclusion of the lemma is uniform in all

snces of intervals in the plaﬁe. Similarly Sen [15] utilizes his

> result ([14], Theorem 2.1) for multivariate rank order statistics

1e location problem, when purely discontinuous score functions with

1ite number of jumps are used. More recently, among others Ghosh [6]

.ed the above mentioned problem for univariate dfs, initiated by Bahadur.

In Theorem 2.2 the case of converging alternatives i1s considered:

vivariate df H, from which the sample has been drawn, may now depend
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2. Statement of the theorems. To formulate the assumptions needed

the theorems, we shall first introduce some notation. Attention will

astricted to the class H of all continuous bivariate dfs H. Let further

LY

n2 1n’Ynn

) A=A =A x A oo with A o= [X, X T, A 1,

n nw nlw naw 1 n’ nn

* *
) Fn = [n/(n+1)]Fn, Gn = [n/(n+1)]Gn.
any pair of real numbers u, v the symbol Su(v) stands for

) Gu(v) =0if v < u, du(v) =1if v > u.

assumption on the limit behaviour of Jn and Kn concerns

* 1/2 * *
) BOn =n ff[Jn(Fn) Kn(Gn) - J(Fn) K(Gn)]dHn.

:ase of reference some definitions of Pyke and Shorack [12] and

ick [16] will be copied.

DEFINITION 2.1. (Pyke and Shorack). Let Q' denote the class of all

legative functions defined on [0,1] which for some a > 0 are bounded
from zero on (a,1-a), are non-decreasing (non-increasing) on
J([1-a,1]) and have square integrable reciprocals. et

{q right continuous on [0,1] : q > Q' for some q' ¢ Q'}.

DEFINITION 2.2. (Shorack). A strictly positive function r on (0,1)

be called "u-shaped" if for some O < a < 1 the function is de-
iing on (0,a] and increasing on (a,1). For B € (0,1) we introduce

i1otation r,. for

B

r (s) = r(Bs) for 0<s<1/2, r,(s) =2r(1-8(1=s)) for 1/2 < s < 1.

B B
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r all positive B in a neighborhood of zero there exists a constant MB

chat r, < M,r on (0,1), then r will be called a "reproducing u-shaped

B B
"

ion". The class of all reproducing u-shaped functions will be denoted

IEMARK. Throughout this section the functions r1,;1,r2,;2 are members
These functions and the points 0 < S, < ees <8y < 1 and
g Seee S tv < 1 are supposed to be fixed.

ASSUMPTION 2.1. Let be given the subclass H' ¢ H. As n > «, B;n +p0

rmly for H € H'.

ASSUMPTION 2.2. The functions J and K are defined on (0,1) and can

. _ A
itten as J = J_+ J, and K = K_ + K. Here J, = ). . a; asi and
v . .

3=1 Bj Stj for arbitrary constants a. Bj and with Gsi, th as de-
in (2.3). Further J, and K are continuous on (0,1) and have con-

i

a1s derivatives Jé = J' and Ké = K' on the open intervals between

>ints 0, s sees Sy 1 and O, tl’ ¢cess t 4, 1 respectively. As to

1° v

rders of magnitude of the above functions, where defined on (0,1)

ve

, |K'] 5_;2.

ASSUMPTION 2.3. Let be given the subclass H' c H. For some constant

j) and functions Q> Q€ Q we have

sup I [rl(F) rg(G)]2+E dH < e,

HeH'

-D-g 2-¢

f;[q1(s)] ds < =, f;[qg(t)]_ Gt < @,

~ 1+e ~ 1+¢
supHeH,ff[q1(F)r1(F)r2(G)] dH < e, supHeH,ff[q2(G)r1(F)r2(G)]




ASSUMPTION 2.4. Either (

) the following holds fo

ntaining the points s

s t1,..., t such that f
v
(F_1(s),G-1(t))/Bsat exi

ver the subclass H' sati

SUPy i In(s,t) -

SUP, 1 |h(s,t) -
as the property that the

supy 41 his,t) < f

SUPy 41 h(s,t) Ze

so need the following mo

ASSUMPTION 2.5. Let H(n)

X,¥) > H(O)(x,y) for all
sumption 2.2, or (b) Ass
{H(O),H(1),H<2),...}. In

,t) > h (si,t) for all t

0
11 s € (0,1)5 J = Tyeunsy

ng to H(n)’ n=0,1,2,..

= Kd = 0 on (0,1) in Assumption 2.2,
subclass H' c H. There is an open se
and an open set O2 containing the

h H € H' the density h(s,t) =
d is continuous on 0, x (0,1) u (0,1

the equicontinuity conditions

)| + 0 as s ~ s; for all t ¢ (0,1),
i= 1,000, A,

)| >0 as t > tj for all s € (0,1),
Jj = Toeeesy vy

st functions f and g on (0,1) such t

r all (s,t) € (0,1) x O

2’

with I; r1(é) f(s)ds < =,

r all (s,t) € 0, x (0,1),

. 1
with /, rz(t) g(t)dt < =,

tion of Assumption 2.k.

or n = 0,1,24... As n » o,

Moreover either (a) Jd = Kd = 0 on
n 2.4 (b) is satisfied with
atter case we further have

1), 1= 1,..., A and hn(s,tj) > ho(s

n -~ <, Here hn is the density corres
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THEOREM 2.1. (Hypothesis and fixed alternatives). Suppose

!1),..., (Xn,Yn) is a sample from a fixed df H € H not depending

ne sample size. If Assumptions 2.1 - 2.4 are satisfied with

1/2(

{H} and e =0, thenn Tn—u) >4 N(O,cz) as n > ®, with

te u = u(H) and % = GQ(H) given by (1.3) and (3.5) respectively.
Suppose Assumptions 2.1 - 2.4 are satisfied for some fixed subcla

2 2(

Hand e > 0, If 6 = 0" (H) is bounded away from zero on

then the above convergence in distribution is uniform for H € H'.

THEOREM 2.2. (Converging alternatives). Suppose (X1,Y1),..., (Xn,

sample from a df H(n) € H that may depend on the sample size n. L

some H(O) € H Assumptions 2.1 - 2.3 and 2.5 be satisfied with

{H H H ...} and € > 0. If in addition o = 02(H
(0)°7 (1) (2)° 0 (0)
1/2 2 R . _

n (Tn-un) > 4 N(O,co) as n > ©, with finite W = u(H(n)) and %

n by (1.5) and (3.5) respectively.

In spite of their formidaeble appearance, the assumptions of the
rems are satisfied in many interesting situations. Two examples of
validity of the first theorem are provided by [13], Theorems 2.1

2.2. Suppose that Jn(s) = J([n/(n+1)Js) and Kn(t) = K([n/(n+1)1t).

*

Assumption 2.1 is trivially satisfied with BOn = 0 for all n and

H. Purther suppose that Assumption 2.2 is satisfied with Jd =K; =

0,1) (so that Assumption 2.4 (a) holds) and

) (s) = DLs(1-8)1"%" ", r (t) = DLt(1-t)17°,
)

2
n real numbers. For 0 < § < 1/2, first let a = (1/2-8)/p and

(1/2=8)/q , where p , ¢ > 1 with p—1 + q—1 = 1. Secondly let

Dls(1-s)17%, T
~b-1

1
DLt(1-t)]

, where D is a positive constant and a and b are

b= 1/2 - §; for this constant § and a fixed constant C consider
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iubclass

+ {H € H: aH < C[F(1-F) a(1-6)17%/2

dFdG}. Then for the above two
ies of a,b Assumption 2.3 holds with H' = H and H' = HCCS respectively.
ther case the assumption is satisfied for some € > 0 (depending

]1/2-6/h ]1/2—6/h.

b,8) and for q1(s) = [s(1-s) t) = [t(1-t) A

> 4,

. example is given by the quadrant test statistic for independence

Hajek [8]), which is defined by the score functions Jn(s) = (s),

61/2+1/n
(t). Teking J(s) = 61/2(5), K(t) = 61/2(t) we see that

= %1 /2+1/n
O(n—1/2) uniformly for H € H, so that Assumption 2.1 is satisfied with
H. By the boundedness of the score functions Assumptions 2.2 and 2.3
rivially satisfied for some e > 0 and with H' = H.
However, in the latter case Assumption 2.4 (b) must be fulfilled.
s first note that Assumption 2.4 (b) holds if for H' we take the class
1 null-hypothesis dfs in H, since for such a df H = F.G the trans-
d af equals s.t on (0,1) x (0,1) with density identically equal to 1
e unit square. By way of a further example let us verify this assumption
e case of bivariaste normal dfs @p(x,y) with standard norma; marginal
(x) and @(y) and correlation coefficient -1 < p < 1. The transformed
_T(S), ¢—1

o™ (s), o '(¢)) /980t = (1=p°)

(o (t)) has a continuous density on (0,1) x (0,1) given by

-1/2 =1 2

/Pex(-[(p0™"())2

2 -1 -1 2 .

(t))° = 200 (s)@ (t)1/[2(1-p%)]). From this it follows that As-
ion 2.4 (b) is satisfied for any class Hé = {@p:-1+6 < p < 1-6}
0 <8 < 1. In this case the assumption even holds with f and g
ant on (0,1).
Theorem 2.2 is especially useful for the calculation of Pitman-

iencies. Then we take H(O) = F(O)'G(O)’ i.e. for H( we take a

0)

hypothesis df. If in this case moreover
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n1/2(un—uo) > e,

+ ofor some finite number e, Theorem 2.2 reduces to

n1/2( 2)’

N(e,co

Th™Ho?) ~ 4

+ o, Here Ho and 05 are the null-hypothesis mean and variance

retively.
For instance consider the class of alternatives H = FGL1+a(1-F)(1-
ome -1 < o < 1, introduced by Gumbel [T7]. The marginal dfs of H a:

|l G. For some fixed a + 0 and F(O)’ G(O) let us choose

_ _1/2
= Froy Go) L Te(1-F () (1-G

))] (more general alternatives

0 0

form are considered e.g. by Puri, Sen and Gokhale [11]). It is not

to see that H(n) > F( ) and that the limit (2.6) exists as

0) (o

)
°
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3. Proof of Theorem 2.1: Asymptotic normality of the leading terms. Let

F~'(s) = inf {x:F(x) > s}, 67 (t) = inf {y:G(y) > th.

is continuous these definitions imply F(F_1(s)) = s, F(x) < s if
mly if x < F_1(s), F(x) > s if and only if x E_F_1(s) and similar
ments for continuous G. The random functions Fn(F_1) and Gn(G—1) are
probability 1 the empirical dfs of the sets of independent uniform
rvs F(X1),..., F(Xn) and G(Y1),..., G(Yn) respectively. Define the

ical processes Un(s) = n1/2[Fn(F-1(s)) - s], Vn(t) = nT/g[Gn(G—1(t))-t]

= n1/2[F*

he processes U:(s) n(F_1(s))-s], V:(t) = n1/2[G;(G-1(t))—t]

» t € [0,1] (see (2.2)). With probability 1 these processes satisfy

- n1/2(Fn—F), v

() = n1/2(Gn-G) and U;(F) = n1/2(F:—F),

n1/2(

G:—G) on (-w,»). For a suitable decomposition of (1.1) we

the following lemma.

LEMMA 3.1. Let for H € H Assumption 2.4 (b) be satisfied with

{H}. Let ¢ and ¢ be functions on the unit interval such that

(s)]as, /]

0 lo(s) £(s)]ds, fé [v(t)]|at, fé |w(t) g(t)|at < =. Here

g are defined in Assumption 2.4 (b). Then

(1) E(w(ca(Y))|F(x)

s) has a version continuous on 01, to be

:d by EH(wls);

4

(11) E(¢(F(X))|a(Y)

t) has a version continuous on 02, to be

:d by EH(¢lt).

ROOF. It suffices to prove (i). Since (X,Y) has df H, (F(X),6(Y))
> H(F ,G_1) 80 that the latter df has uniform (0,1) marginals.
juently the function f; ¥(t) h(s,t)dt is a version of the conditional

ation considered in (i), restricted to 01. Moreover this version is
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for let s, s + £ € O, and consider

1uous on O 1

12
:)[n(s+z,t) - h(s,t)]dt. By continuity of the function h we have

,t) - h(s,t) > 0 as £ > 0 for each t € (0,1). By the assumptions

> lemma we moreover have

|ln(s+z,t) - h(s,t)| < 2]v(t) g(t)| for each t € (0,1), ana

(t) g(t)|at < «=. Finally, by the dominated convergence theorem, we obtai

t)[h(s+z,t) - h(s,t)]Jat ~ 0 as ¢ > 0. [J

At this point let us give the basic decomposition

n1/2(T 2 (A! 4+A. ) + B

- = + )" + B' + +B'+B +C'+
n W) AOn z1=1 in “1in On Bn Bn Bn Bn Cn

x . . . .
probability 1. Here B, 1is defined in (2.4) and using the notation

mma 3.1 we further have

n '/ ffJ(F)K(G)d(Hn-H),

on

1= JIu (F)3'(F)K(G)aH, A, = Zi=1 o, Ey(K|s;)U (s;),
L= JIV_(6)I(F)K'(C)aH, A, = Z§=1 By By(3le)V, (85),
1= n'/? I (7)) - 3 (F)IK(G)aH, - A} ,

o= n'/? SILI(FY) = I, (F)IK(G)aE - A, .

'o= n'/? F3(R)E (G)) - K (6)JaH, - AL,

L= a2 rra(e)ix (el - K (6)laH_ - A, ,

L= n'/2 53 (FL) - 3 (F)ICK(G)) - K(G)lam ,

L= n'/? SIS ED) = T4(F)IK(G,) - K(G)IaH, .

s note that g', B are symmetric to B', B . Therefore B' and B_ will
n’ n n’ "n n n

e treated in the sequel.

In this section attention will be restricted to the asymptotic

lity of the A-terms. As far as A, A! and A! are concerned see
On n 2n

[13]. The rv A _ may be written in the form

On
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-1/2 tn

Agp =1 Lg=1

AOkn’

the AOkn = J(F(Xk)) K(G(Yk)) - U are iid with mean zero. For the

df H (the fixed subclass of dfs H') the rv AOkn has a finite moment

der 2 (a finite absolute moment of order larger than 2, bounded on

y Assumption 2.3.
Note that for § as defined in (2.3) with probability 1 we have

) = SF(Xk)(F(x)) and GXk(F-1(si)) = GF(Xk)(si). Thus with probabi-

~ -1/2
1 we have Un(F) =n / z;=1[6F(Xk
) = n—1/2 nors

k=1 F(Xk)(si)_si]' By this and similar expressions for

)(F)—F] and

and V (t.) we obtain
n J

_ -1/2 yn _ -1/2 sn
Ap = 7 k=1 Mgn > Agp =0 k=1 “7kn°
- =1/2 tn _ . =1/2 tn
Apy = B b=t Pogn > Pop =0 Lic=1 Aoxn
ro= _ TA ,
Ay = ff[6F<Xk)(F)—F]J'(F)K(G)dH, A = zi=1ai[5F(Xk)(si)—si]EH(Klsi)
_ _ TV
: ff[sG(Yk)(G)-GJJ(F)K'(G)dH, Ay = Zj=1Bj[6G(Yk)(tj)-tj]EH(Jltj),

y+++5 N. Bach of these four sets of rvs consists of n iid rvs with mean
As to the A and A the absolute moments of any order exist for

1kn 2kn
df H (are bounded on the fixed subclass of dfs H'). To see the existence
ther order moments of the A! and A we need the following property

1kn 2kn

unctions.

EMMA 3.2. Let for arbitrary s, u e (0,1) the symbol Gs(u) be defined
(2.3), and let q be any function in Q (see Definition 2.1). Then there
aconstant M = Mq (depending on q only) such that

-ul <M q(u)[q(s)]_1 for 0 < s, u < 1.
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PROOF. If q is non-decreasing on [0,a] with a > 0, there exists a

re=e, satisfying 0 < € < a, such that s < q(s) for 0 < s < e. For

se such € does not exist. Then there is a segquence S, + 0 satisfying
< s and hence [q(sn)]_g > 5;2. The reciprocal of q is square inte-
e on the unit interval; on the other hand f;[q(s)]_gds i_s;1 > ® gg
,which yields a contradiction. (Similarly sharper bounds for g in the

borhood of zero may be obtained.)

Let us first consider pairs u < s. Then

) - ul[q(u)]_1 i_u[q(u)]_l. For 0 < u < €, with € as above, we find

=1

=1,
)17 <1 =M lals)] ,if M

-1

= . < <
maxs€[0’1]q(s) For € u < a and M1 as

-1 -1

1

we have ulq(u)l™ < [q(e)] j_M][q(s)] [q(s)]—T. Finally for

-1 -1

. < 1 we simply have ulq(u)]l < [q(s)] '. Evidently for u < s the lemma

with M = max{M1, M1[q(e)]_1, 1}. For pairs u > s the proof can be given

e same way. [

. 3.2 applied with gq = q,, where g, is the function introduced in

ption 2.3, guarantees the existence of a constant M1 = M such that for
1

w

-1 ~
1

a1 | <Ml (F(%,))17 ia, ()T (F)ry(e)aH,

.., n. By Assumption 2.3 for the fixed df H (the fixed subclass of

=1

') the random part [q.(F(X ))J] ' of this upper bound possesses a finite
1

it of order 2 (a finite absolute moment of order larger than 2, bounded
). It is due to the same assumption that for the fixed df H (the fixed

ass of dfs H') the non-random integral is finite (bounded on H'). A

.ar argument deals with A2kn'
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Combining (3.3) and (3.4) we see that, given the fixed df H, for

ses+s N the sums A + A%kn + A + Al + A are iid with mea

Okn 1kn 2kn 2kn

and finite variance depending on H,: equal to

2 , L
= + ! .
o (H) Var(AOkn *An T An ANt AEkn) Hence application

e central limit theorem gives

n

2
+A' = +A! '
g=1 (A AentAopn oy = BoptAI A TAL A, > N(0,07)

» glven be fixed subclass H' of dfs, a finite absolute moment of

+A!  +
Okn A1kn

larger than 2 is bounded on H' and since moreover the variance is
to be bounded away from zero on H', by Esseen's theorem the above
totic normality is uniform on H'.

The variance 02 = 02(H) of the limiting normal distribution can be

a nice expression using the conditional expectations, introduced

3.1, and Stieltjes-Lebesgue-integrals: thus we obtain

6% = 6°(H) = VarlJ(F(X))K(G(Y)) + ISEGF(X)(s)—s]Eﬁ(Kls)dJ(s)

+ f;[sG(Y)(t)-tJEH(Jlt>dK(f>

*tion 6 this expression for the variance is studied more in detail

6.1)).
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4. Proof of Theorem 2.1: Some lemmas. First we shall give a lemma

d for the proof of the asymptotic negligibility of the second order
BA and CA connected with the continuous part of the score function
is lemma is based on Lemma 2.2 of Pyke and Shorack [12] and is only
tly more general than [13], Lemmas 6.1 and 6.2. The proof will there-

be omitted.

IEMMA 4.1. For each w let ® =& and ¥ ¥  Dbe functions on
_—— n nw n nw

A ., end A, =M ,, respectively (see (2.1)), satisfying

F,F*} < ¢ < max {F,F} and min {G,G°} < ¥_ < max {G,G )} where de-
n - - n n - n - n

n
(see (2.2)). Then, uniformly for n = 1,2,... and H € H:
supAn1 r(e,)/x(F) = 0 (1), Py r(¥)/r(6) = 0_(1), for each
(see Definition 2.2);
sup, |U:(F)|/q(F) = Op(1), for each q € Q (see Definition 2.1);
nl

SUIPA:‘| |U: (F) - Un(F)|/q(F) = op(1), for each q € Q.
n

The remaining lemmas of this section are specific for the second order

Bn and Cn connected with the discontinuous part of the score function
t us denote the binomial distribution for n trials with success proba-
y s by Bi(nj;s). It is well known (see e.g. Dvoretzky, Kiefer and

witz [5]) that if Z is a Bi(nj;s) distributed rv we have the exponential

Pr(|z-ns| > np) = O(exp(—2np2))

+ o uniformly for s € (0,1) and p > O. This result entails a useful
rty of the function pn(a,b;s), for fixed constants a,b and for

0,1) defined by




-16-~

o pledss) = I (D) sJ(1-s)n‘jlasj<<j+a)/(n+b>> -8, (5)

the function SS is defined in (2.3) with s, € (0,1).

1 1

LEMMA L4.2. Let a and b be fixed constants and let pn(a,b;s) be defined
1 (4.2). Then
p (a,b3s) = O(exp(—2n(s—s1)2)) as n » ©, uniformly for

n
€ (091);
1 -1/2
/s n )

Pn(a,b;s) = 0 as n -~ ®,

PROOF. (i) The function pn(a,b;s) is unequal to zero only if s < s,

_?__(n+b)s1 -&a,ors>s, andj < (n+b)s1 - a. Suppose s < s,+ Then

bis) = Pr(Z 3_(n+b)s1—a), where Z is a Bi(nj;s) distributed rv.

: (n+b)s, - a = n(s+[s1-s+(bs1—a)/n]), we have by (4.1) since a and b

Pr(Z =z (n+b)s.-a) < Moexp(—2n[s1—s+(bs1—a)/n]2)

IN

M1exp(—2n(s1—s)2),

ded s, - s+ (bs1—a)/n 2 0. Now consider the set

sis, + (bs1—a)/n <s < s1}. If D is empty there is nothing left to

» hence suppose D is not empty. Then

exp(2n(s —s)2) < max exp(2(bs1—a)2/n)

D;n=1,2,... 1 n=1,2,...

(2(ps -a)2) = M, say. Since p_ is a probability it is always bounded
1 2 n

and hence by M, exp(—2n(s—s1)2) for all s € D and all n = 1,2,...
us have, letting M = max{M1,M2}, that P, is bounded by

(—2n(s-s1)2) for all s < s, and n = 1,2,... This inequality can

arly be shown to hold for s 2 Sq¢
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(ii) This follows at once from part (i) by
-1/2
/2

a,b3s)ds < M ffw exp(—2n(s—s1)2)ds = O(n as n > . [0

EMMA 4.3. Let ¥ be a function on the unit interval with fé|w(t)|dt <,

‘or any H € H the following holds
E 7|06 (F2) - 6_ (F)1u(G)|a < 1} 2 (0,138)E(|w(a(¥) | [F(x)
1 1

EJ/|[s_ (F
S

*
n
*
1 B 1

BOOF. (i) Because P({(n+1)F:(x)=3})=(})F (x) (1-7(x))"™? for

1900+, 0, Wwe obtain

(F)Jw(e)|an

t=

*
ff|[ds1(Fn) - 6S1

5_ffZ?zO(g)Fj(1~F)n—j|[651(3/(n+1)) - 6, (F)Iu(e)]as

782, (0,158) B(W(G(1)|[F(X) = s)ds.

(ii) similarly, since
PR . _ n-1 J=1 n-j .
DF (%) = 3F(x)1) = (7)) P77 O-F(X;))7° for § = 1,000, n,
re
. *
E ff|[651(Fn) - 6s](F)]w(G)|dHn

IA

E(E(|[5S1(F:(Xi)) - 8, (PO IW(a(E D [F(x;),0(1)))

E(|w(G(Yi))FE(|551(F;(Xi)) - 5 (PO IR0

= 1175 (52)) Fj‘1(1-F)n—j|[651(j/(n+1)) - 631(F)]w(G)|dH

fépmJU,&s)HIMGHJHIHX)=s)m.D

ist lemma is a corollary to Kiefer [10], Theorem 1-m; it is due to
ran Zwet. Like Kiefer's theorem, Lemma 4.4 can be formulated for

:nsional random vectors. To avoid the introduction of additional

) -6, (MIw(e)|an < Fop_(1,238)B(]v((¥) || F(X)

s)d

=s)¢
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;ional conventions we shall restrict attention to the case where m = 2.
>f the basic supports of Kiefer's theorem quoted above is a sharpening
1e exponential bound (L4.1); for m = 2 the theorem implies that for any

1z >0

2

P({ sup |H (x,y)-H(x,y)| > p}) = 0(exp(-(2=¢ )0 °)),

=0< X Jy<ee n

rmly for all bivariate dfs H (continuous or not) and uniformly for
2 0. For a comparison between Lemma 4.L and related results of
lur [ 1], Sen [14] and Ghosh [6] see Section 1. For any Borel -=* D in

1lane we shall write [fD dH = H{D}. By an interval I in the plane

roduct set of two intervals on the line will be understood.

LEMMA 4.4. (van Zwet). Let I1,12,... be a sequence of intervals in
lane and let In = {I;:IZ is an interval contained in In}, n=1,2,0u.
* * _ 1/2

supp, .y |H (I} -HII} = Op([H{In}/n] )
n'n
=+ ®, uniformly in all sequences of intervals I.,I . and all

‘l’ 29"

iate dfs H (continuous or not).

PROOF. Given any O < € < 1, the existence of a number M = ME must

tablished such that
P({sup |H {I*} - H{i*}l > MH{I }/n]1/2}) < g, for all
I;eln n " n nl! = n - =

iformly in all sequences of intervals I1’12"" and all bivariate

In} = 0 the lemma follows immediately. It proves to be convenient

nsider the cases 0 < H{In} < 8/(en)and H{In} > 8/(en) separately.
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"irst suppose that 0 < H{In} < 8/(en) and choose M = M_ = (2/8)3/2.

* *
always truethatsuplzeI |Hn{In} - H{In}l < max {Hn{In}, H{In}}.

» choice of M we have M[H{In}/n]1/2

i.H{In}/E' Consequently we only
;0 prove the same inequality for Hn{In}. Since n Hn{In} is a
H{In}) distributed rv, application of Markov's inequality gives
T} > MLE(I_}/n)"/?}) < P({H {1} > HII }/e}) < e.

n. - n - n n — n -
{ext we suppose that H{In} > 8/(en). Then for k = 0,1,..., n we

:fine the probabilities

1/2

m(k) = p({supI;€In|Hn{1;} - H{I:}l > MR{I }/n]"/“}|{E {I} = k/n}

robability in the left-hand side of (L.L4) can now be written as

(k)P({H_{I_} =k/n}) + ] (x)P({H_{I_} = k/

zk<nH{1n}/2 n k>nH{I_}/2 "

> Bienaymé-Chebyshev inequality we have

Zk<nH{In}/2 m(k)P({H {I } = k/n}) < P({H {I } < H{I }/2})

< P({|H {1} - H{In}| > H{I_ }/2}) < 4/(nB{I}) < e/2,

by assumption H{In} > 8/(en). The second term in (L4.5) deals with
sk # 0. For k ¥ 0 conditional on Hn{In} = k/n we have, since also

>0

* *
SUPLx, T IHn{In} - H{In}l
n n

Hn{I;} Hn{I;} Hn{I;} H{I;}
B{T }|swiw,1 |g7T 7 "B 3| T 5%Pr*1 |5 (17~ HIJ
n n n n n n n n n n

| A

~ * ~ %
|H {1} - B{I }| + H{In}supIzeln |Hk{In} - H{I }
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E{I;} = H{I;}/H{In}. is the conditional probability that the random
r (X,Y) is an element of I: c In under the hypothesis that it is an
mt of I . Hence, given Hn{In} = k/n with k # 0, the ratio

;} = Hn{I:}/Hn{In} is distributed as the empirical df corresponding

, based on k + 0 observations. Consequently for k + 0 we have

< ﬁ1<k) + m

2(k), where

1/2

3

—~
-

N~—
]

P({|E {T } - B{I }| » MIH{I }/bnl"/“}|{H {1 } = k/n}),
n n n . n n n

_ ~ * ~ * _‘]/2
m,(k) = P({supy«_; |Hk{In} - H{I }| > MChnH{I }] }).
nn
ing once more the Bienaymé-Chebyshev inequality we obtain

EkipH{In}/g m, (k) P((H_{I_} = k/n})

< POU/E (T} - H{I_}| > MCH{T }/4a1"/2}) < upd.
n n n n

ly we have to consider the summation containing the w_(k). For any

2

val I in the plane we have

} - H{I}| < 4 SUp_, . y<e |ﬁk(x,y) - ﬁ(x,y)!. According to formula
9

» applied to ﬁk end H with e.g. ¢ = 1, thereexists a constant MO

that

my(k) < My exp(-k M°/(6knH{I_})),

0

2nce

zksz{In}/E “2(k> P({Hn{ln} = k/n})

< M, exp(-n H{In}ME/(128nH{In})) =M exp(—M2/128)-

0 0
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md (L4.8) we see that for H{In] en) in-
sovided M is chosen so large ti ch (L.7) and
:/4. Let us finally note that t rument is in-

e I,,I,,... and the bivariate 0
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2. Proof of Theorem 2.1: Asymptotic negligibility of the remainder terms

18 already been noted in Section 3, the rvs g'n’ %n are symmetric to B'n
1d hence need not be considered. Since Jc is continuous on (0,1) and
.nuously differentiable on the open intervals between the points
""’SA’1’ the second order terms Bé and Cé can be dealt with in

itially the same way as the B; - and C: - terms in [13], Section 6. We
have to use Lemma 4.1 instead of [13], Lemmas 6.1 and 6.2. Although

le present case the function K is no longer continuous it is easily

that this does not affect the argument , because the mean value theorem
plied only to Jc'

Therefore we may restrict attention to the terms Bn and Cn. It suffices

mnsider the case where (see Assumption 2.2)

ixed 5,5t € (0,1). Given any set D, D will denote its complement,
its indicator function and x(Dj;x) the value of this function at the

x. For small positive y we adopt the notation

8,0 = [67 (v}, 6™ (x, =) TuE6™ (6, +y), 7T (1y) T,

¢! is defined in (3.1).

Since K satisfies the conditions of Lemma 3.1, the conditional ex-
tion E(K(G(Y))|F(X) = s) possesses a version which is continuous on
pen set O1 defined in Assumption 2.4. By convention this special

on will be denoted by EH(K|s). Let us write B and C, as

= L - 73
Bn - B1n * zi=2 Byin’ cn - zi=1 Cyin’
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_1/2 * s
B, =n ff[551(Fn) - S1(F)]K(G)dH - U (s,) EH(K|SW),
B =2n"'%s s (F) - 6 (F)IK(G) a(H_-H),
Y2n 'S n S n
. (-°°,°°)>(S 5 1 1
1/2 v *
B = - I [ (F) -6 (F)(G)aH,
(=,%) .3 s, n s
Y3n TPy L
1/2 *
B = /s - [ (F) -6 (F)K(G)aH ,
Yin n (_w’w)xSYg 51( n) 51( ) Jx(G) n
1/2 * -
C = S _ [¢ F -8 F)IK(G )aH_,
yin n (_m’m)stz s1( n) s1( ) JK( n) n
C = n”2 IS [§ (F) -6 (F)IK(G*) - K(G)JaH_,
y2n (_m’m)xSY2 s, n 84 n n
1/2 *
C = -n Ire o wy.z L8 (F ) - 8 (F)IK(G)aH_.
Y3n (=, )XSY2 S1 n s1 n
this we see that B hn and CY3n cancel out. Throughout this section
Y :

> 0 be a fixed number small enough to ensure that [s1—n,s +nl < 0

1
Assumption 2.4), and let an arbitrary e > O be given.

The asymptotic negligibility of B1n and BY2n is mainly based on

4.L., Let 1 = 1(n) be the fixed sequence of natural numbers unique

mined by
(n+1)s, <1 < (n+1)s, + 1.
define the function sgn x = -1 for x < 0, sgn x = 0 for x = 0,

= 1 for x > 0 we have

5, (Fi(x)) = 6 (F(x)) = sen(F"'(s,) - X

1 1 )x(Fn1;X)

1n
ach w and all x. Here

s ).

-1
F (s1)}, max{Xln,F 1

r = [min{X

nl 1n°?




) I

:rify the equality (5.3) we use that Gs is continuous from the right
1
| (see (2.3)) and we use the last two properties of F_i, given below

lefinition in (3.1). From the properties of empirical dfs and order

.stics it follows that there exists a constant MO = MOa such that

Q =‘{F71

on ))) X

e [F (s, M n~2) 57 (s smn"1/2)7)

*, =1
(F (F (s in 1770 170

1

)robability P(Qon) > 1-e/2 for all n and H € H. Let us further define

In1 = [F_1(s1-MOn—1/2), F_1(s1+Mon—1/2)].

-1/2

2

‘ing Lemma 4.4 with I = In1 x (=<,©), and thus with H{In} = 2Mn

nd by (5.4) and (5.5) that there exists a constant M

L}

M such that
1 e

lH{r o« 15} BT . x ¥} < Ma~3H
n nl n2 n -

1 n2 1

e, = QOn n {supI;

2
robability P(Q1n) > 1 -¢ for all n and all H € H. Here the supremum

. *
ken over all intervals I,°< (=0 ),

COROLLARY 5.1. As n - =, B1n -> pO uniformly for H € H'.

PROOF. Let us consider only values of n large enough to ensure that

[F-1(s1—n), F—1(s1+n)]. Using the above notation and results we may

_1/2 -1
B, =n ffrn1x(-w,w) sen (F(s;) - X JK(G)a# - U (s )E (K[s,)
1 B1. s Where
R 1/2
B11n - X<Q1n) n B1n’
B, = y(a )2/ (K|s)ds - U (s,) E.(K|s,)]
1on -~ XVqp/tR S— By(Kis)ds - U (s,) E(K|s, )],
251-F (F (s,))
n 1
o5 -F¥(F (s.))
1
Bigy = X(2,) pt/2, 1n B, (K|s)ds.
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v Assumption 2.4 we have

sup |EH(K|S)| =M< =,

se[s1—n,sl+n],HeH'

nce EH(K|S) is continuous on [s1—n,s +n] the mean value theorem

1

tegrals applies. We thus obtain, writing @n(s1) for a random point

n s, and 251 - F:(F_1(s1)) and using (5.7),
B, < (Q1n)n1/2|F;(F_1.(s1)) - s, B (xle_(s)) - B (x]s,)]
+ (e B)E (77 (s ) - BN (s )]

6) and (5.5) for each w € 9 ) satisfies

i.MOn—1/2, so that the equicontinuity condition concerning

nsities h corresponding to the H € H' (see Assumption 2.4) yields

the random point @n(s

n 1

) - s,

he first term in the bound for B converges to zero as n -~ «,

12n
mly for all H € H'. The same holds for the second term in this

since |F_(F7'(s,)) = FA(F (s ))] = 1/(a+1).

1
'he rv B is bounded by

13n
IBisnl X(Q1n)Mn1/2|Fn(F_1(S1)) - F (X m) + Pl ) - sy
+ (e, RIS (s))) - E(FT (s ) + B (%) ) - s,
< x(@, M BlH (1| x (cm,@)} - BT, x (<=,))|
+ 3@, /2 [1/(+1) + [(1-1)/m - s, ]3 > 0

-, uniformly for H € H', by (5.2), (5.6) and (5.7).
ince by (5.6) P({B11n £ 0}) < € for all n and all H € H, where

is arbitrary, the conclusion of the corollary follows. [
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COROLLARY 5.2. For fixed Y’BY2n g p0 as n > ®, uni “ for HeH.

PROOF. For each positive integer k we obtain the f n Kk from the

wnction K by

Kk(t) = K((i-1)/k) for t € (0,1) n [(i-1)/k,1i = 1,004, k.
or any such k, using (5.3), let us make the decomposit
_ L
yon - By2in t zi=2By21kn’ where
Boin = x(@) Byon®
B = x(Q )n1/2 Ir sgn (F_l(s ) - (G)a(H -H)
y22kn n I xS 1 . n >
nl ~y2
1/2 * '
= -6 -
BY23kn X(QWn)n ff(-m,w)xs [Gs (Fn) ] (6) Kk(G)]dHn’
Y2 1 1
_ 1/2 * oy
Byolgn = X(8qp)n ff(_w,m)st2[551(Fn) 551 L (6)-K(G) JaH.
For arbitrary fixed w the integrand in the express r BY22kn is
. simple step function assuming the values ayjkn(w> on t T X Sng,
here
-1,,. -1,.
.. = - n
5,32 e ((3-1)/k), & (i/k)) 8,03
or j = 1,..., k. Let MY = max |K(G)|, then by (5.6 ave for every w
Y2
1/2, ¢k
|B | = x(2. )n |Z._ a .. Jf a(
Y22kn n J=1 ‘YJkn Fn1stj2
1/2 k
< . T Y . S .
—-X(Q1n)n MY ZJ=1|HH{ n1xsy32} SYJ2}|
cxM Moot

'or fixed k as n - «, uniformly for H e H.
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Since K(G) is bounded and continuous on SY2 we have
SUpg lK(G)—Kk(G)| = CYk + 0 for fixed vy as k > =, uniformly for H € H.

Application of Lemma 4.3 (ii) and (i) with ¢(G) = gyk gives for the

expectations of |B and IB I the bounds (see also(L4.2))

Y23kn| vy2lkn

E(|B 1) §_n1/2 4 /] P, (1,2;s)ds,

y23kn

1/2

E(]| |) <n z s] p. (0,1;s)ds

By2hkn

respectively. Since for fixed y the sequence cyk + 0 as k > », application
of Lemma 4.2 (ii) leads to the conclusion that both expectations tend to
zero for fixed y as k,n + «, uniformly for H e H.

As to BY21n, by (5.6) P({BY21n # 0}) < e for all n and all H e H,
where € > 0 is arbitrary. Combination of these partial results leads to

the conclusion of the corollary. [

The rvs BY and CY concern the behaviour of the functions K(G(y))

3n n

and K(G;(y)) respectively for large values of |y|. Since by Assumption

2.2 the score function |K| < r, on (0,1) we have |K(G)| §_r2(G) and

2
|k (G:)I §_r2(G;) on A, (see (2.1),(2.2)). By the reproducing u-shaped

character of r, (see Definition 2.2), it is possible to replace the random

argument GZ by the non-random argument G in the latter case, which may be
. . . . * . .
seen from application of Lemma 4.1 (i) with ¥ =G . According to this

lemma for each € > 0 there exists a number M2 = M28 such that the set

(5.8) Q, ={r,(c) <M

on o(Cy) <M, r,(G) on A L}

2

has probability P(Q, ) > 1-e¢ for all n and all H € H. Thus the asymptotic

2n

negligibility of the rvs BY3n and CY1n may be obtained essentially in the

same way (note that the random measure dHn restricts integration to the
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m set An). It is mainly based on Lemma L4.3. The asymptotic negligibility

on is a simple application of the same lemma.

COROLLARY 5.3. As vy ¥+ 0 and n »> =, BY3n -> pO and CY1n -> pO, uniformly

[ € H'.
PROOF. For small positive Yy, let us introduce the function

r, (t) =r. (t) for t e (O,y)u(t1—y,t1+y)u(1—y,1),r

A (t) = 0 elsewhere.

2y

Ise by Assumption 2.4 the functions r2Y satisfy the conditions of Lemma

‘or such values of y, the conditional expectations E(r, (G(Y))|F(X)=s)

2y

versions continuous on the open set 01, by convention denoted by

|s). Since r,_ ¥ 0 on (0,1) as Y + 0, by the dominated convergence

Y 2y

‘em and Assumption 2.4 we have as y ¥ 0

(r, |s) = ¢ < r (t)g(t)at - 0.

Supse[s1—n,s1+n],HeH' EH r2y

As to BY3n’ application of Lemma 4.3 (i) yields (see also (L4.2))

) E(|B |) j_n1/2 fé 1 (0,13s8) E (r

H 2Y}s)ds.

CY1n’ using Lemma 4.3 (ii) and (5.8) we find

1/2 .1
) |c [) <M, n / fO pn_1(1,2;s)E

) E(x(Q 5

(r. |s)as.

2n Y1n H r2y

se of the similarity between the right-hand sides of (5.10) and (5.11)

ecause P(an) > 1-e for all n and H € H, it suffices to investigate

ight-hand side of (5.10). By Lemma L.2 and (5.9) for that expression

nd the bound
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n1/2

1
[sup (O,?,s)][fo r2(t)dt]

se[O,s1—n]u[s1+n,1] Py
+ n1/2 [s] p (0,138)dsJz_ >~ O
0 *n " *"° Y
0 and n > ®, uniformly for H € H'. O

OROLLARY 5.L. For fixed vy, C -> pO as n > «, uniformly for H € H.

Y2n

ROOF. As dHn restricts integration to An’ application of Lemma 4.3

ith ¥(G) = 1 gives

*
ol Sswy o [K(E)

5 -K(G)InV2 fé P, _
Y n2 y2

|c 1(1,2;s)ds.

netion K is uniformly continuous on [Y/2,t1-y/2]u[t1+y/2,T—Y/2]
;—G| §_1/(n+1) + |Gn—G|. Hence by the Glivenko-Cantelli theorem we

up IK(G*)—K(G)| >~ 0 as n ~ », uniformly for H € H. The proof
A NS n P
n2 y2
concluded by applying Lemma 4.2 (ii). U

n order to show that Bn+Cn - pO as n > ©, uniformly for H € H', given
itrary € > 0 first use Corollary 5.3 to choose a fixed ; and an index

| <€}) > 1-e for all n > n. and all H € H'.

h that P({|B;3n|,|c 0

Y1n
pplication of Corollaries 5.1, 5.2 and 5.4 with the above fixed Y

the existence of an index n, = n (;) > n,., such that

1 1 0

nl’IB;an’lc;Enl < e}) > 1-e for all n > n, and all H € H'. Hence

+C_| < 5e}) > 1-2¢ for all n > n, and H < fi'.

L
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6. Proof of Theorem 2.2. It suffices to prove that Gi - cg as n > «,

hen we may ascertainthat Oi 3_0§/2 > 0 for n > n. and all the

0

tions, necessary for the application of the part of Theorem 2.1

rning the uniformity with H' = {H( )’H(n +1),...}, are covered by
0

n
0
onditions of Theorem 2.2. So we may conclude that the convergence

Tn—u(H)) - dN(O,oe(H)) is uniform on the above subclass H', and

1/2 . 2 2
that n (Tn—un)/on > dN(0,1) as n =+ ©, But if o> 9 the weak
rgence of N(O,oi) to N(O,cg) follows, and thus we finally obtain

2
Tn-un) > dN(O,OO) as n > ©,
As in Section 5 let us assume that J. = § and K. = § for fixed

d s_| d t1

€ (0,1). For a function ¢(F, \(x),G, \(y)), integrable with respect
(n) (n)

n n
1) Ve have ff¢(F(n)(x),G(n)(y))dH(n)(x,y) = ff¢(s,t)dﬁ(n)(s,t),

1 -1

ﬁ(n)(s,t) = H( (an)(s),G(m(t)). Note that ﬁ(n) has uniform (0,1)

n)
1al dfs. Using the above transformation and writing the square of an

ral as a repeated integral, we arrive at the following alternative

ssion for the variances (see (3.5))

‘,.
[}

JJLI(s)K(t) - ffJ(u)K(v)dﬁ(n)(u,v)

+ ff[SS(u)—u]J'(u)K(v)dﬁ(n)(u,v)+[és(ST)—S1JEH (X|s

+ ff[Gt(v)-V]J(u)K'(v)dﬁ(n)(u,v)+[6t(t1

)ty I8y (T]e,) 1%k ) (s ,t)

(n)

6 6 1 1 T T 1 1 T
Zi=1 zj=1ffffff¢i(s,t,u,v)¢j(s,t,u S,V )dH(n)(u,v)dH(n)(u ,V )dH(n)(S,t),

1}

=0,1,2,... Here s,t,u,v,u',v' are restricted to (0,1) and




¢1(s,t,u,v) = J(s)K(t) s |¢1| f_r1(s)r2(t),
¢2(s,t,u,V) = J(u)X({v) . |¢2| j_r1(u)r2(V),
¢3(s,t,u,V) = [Gs(u)—uJJ'(u)K(V) , |¢3l 5_M1[q1(s)]_1q1(u);1(u)r2(V),

(st = U8 ()-8, 08y  (KJsy), [y < Sor (t)a(t)at,

-1 ~

& qe(V)r1(u)r2(V),

be(sst,u,v) = [st(t1)-t1;EH(n (5]%,)5 logl _<_fg)r1(s)f(s)ds.

¢5(s,t,u,v) = [, (v)-v1J(u)K' (V) , |¢5| j_M2[q2(t)]

The bounds for the absolute values of the ¢i follow from Assumptions 2.2,
2.5 and Lemma 3.2 (Mi depends on g, only, i=1,2).

Let us first note that the convergence H(n)(x,y) > H(O)(x,y) for all
x,y (see Assumption 2.5) entails the convergence

::I(n)(usV)ﬁ(n)(u' ,V')ﬁ(n)(s,t) - ﬁ(o)(u,v)ﬁ( (u',V')ﬁ( (S,'t) s n > © in

0) 0)
all continuity points of the latter product of dfs. A further application of

Assumption 2.5 combined with the dominated convergence theorem yields

(6.2) E (K|s1) - E ), as n > ® .,

(Kls,), E
H(n) 1

(J|t1) -~ E (]t

Fo E(0)

H(n) 1

Convergence of each of the summands in (6.1) suffices to prove the convergence
of the variances. The functions ¢h and ¢6’ which actually depend on n through
multiplicative constants, do not disturb the applicability of Billingsley

[3], Theorem 5.4, since by (6.2) these multiplicative constants converge

properly. It thus remains to show that for some ¢ > O

)|1+;

(6.3) sup ffffffl¢i(s,ﬁ,u,v)¢j(s,t,u‘,v'

n=1,2,...

dH(n)(u,v)dﬁ(n)(u',V‘)dﬁ(n)(s,t) < o

for 1 <1< 5_6. By the nature of the bounds for the |¢i|, the fact

that we are dealing with a product measure, and the similarity between
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t follows that we only have to verify (6.3) for i = j = 1,2,
Oow on let us choose £ = ¢/2 > 0 and let us first take
Since ¢, is a function of s and t only, the supremum in (6.:

by

Se, (s)ry(2) 157 50a (s ,8) < o,

YPh=1,2,... 2

on 2.3. The function ¢2 does not depend on s,t so that for i

m (6.3) is bounded by

147 =

L1 ()ry (V)R () 2P < e,

YPp=1,2,... 2

on 2.3. Finally for i = j = 3 we see that the supremem in (6

by

M2+2Cffffff[q1(s)]_2_2€[q1(u);1(u)r (v)]'¥e

YPp=1,2,...71 2
x [q (u)r (u)r, (v')1¥%am, | (u,v)al, . (u',v')dd
2, 1 2 (n) ‘%2 (n)‘\" 2 (n
2427 1 —2-2¢r ~ 147 =
upn=1’2,.“M1 fo[q1(s)] ds[ff[q1(u)r1(u)r2(v)] dH(n)

sumption 2.3. This concludes the proof of Theorem 2.2.
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7. Application and extension. An application of Theorem 2.1 in the

case where the score functions are simple step-functions lies in the
treatment of ties. Let us suppose that the sample has been drawn from a
dfH which is no longer continuous but, on the contrary, is entirely con-
centrated on a finite lattice of points in the plane. As has been point-
ed out in Hajek [8], there are two possible techniques for adjusting the
original rank statistic to this situation where necessarily ties will
occur. The first technique is referred to as the method of randomizing the
ranks, and the second as the method of averaging the scores. By the
former technique, which represents a purely theoretical approach to the
problem, asymptotic normality of the resulting rank statistic follows
immediately from Theorem 2.1. If appropriate simple step-functions are
chosen as score functions, the above result for a rank statistic based
on randomized ranks may be used to derive asymptotic normality for a
rank statistic based on averaged scores, which is of greater practical
interest. The proof relies on the fact that the difference of the two
statistics tends in probability to zero as the sample size tends to in-
finity. For more general results in the location problem see Vorlidkova
171,

Finally it should be noted that the restriction to linear rank
statistics for which the score functions factorize and can be written
as a product J(s)K(t) is inessential. No new difficulties will be en-
countered when developping the theory for more general score functions
J(s,t), as long as the functions that bound J(s,t) and its first
partial derivatives 8J(s,t)/ds, 3J(s,t)/9t still factorize as products

of functions of the arguments s and.-t separately.
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